Simple variational ground state and pure cat state generation in the
  quantum Rabi model by Leroux, C. et al.
Simple variational ground state and pure cat state generation in the quantum Rabi
model
C. Leroux, L. C. G. Govia, and A. A. Clerk
Department of Physics, McGill University, Montre´al, Que´bec, Canada.
We introduce a simple, physically-motivated variational ground state for the quantum Rabi model,
and demonstrate that it provides a high-fidelity approximation of the true ground state in all pa-
rameter regimes (including intermediate and strong coupling regimes). Our variational state is
constructed using Gaussian cavity states and nonorthogonal qubit pointer states, and contains only
three variational parameters. We use our state to develop a heuristic understanding of how the
ground state evolves with increasing coupling, and find a previously unexplored regime where the
ground state corresponds to the cavity being in a nearly pure Schro¨dinger cat state.
I. INTRODUCTION
The quantum Rabi model is a well established
paradigm of light-matter interaction [1–3]. It describes
a two-level atom or qubit interacting coherently with an
electromagnetic cavity, with a coupling strength strong
enough that the rotating-wave approximation cannot be
applied; as such, the system is no longer accurately de-
scribed by the simpler Jaynes-Cummings model [4]. The
so called ultrastrong coupling regime necessary to ob-
serve quantum Rabi physics has been achieved experi-
mentally [5–9], and recently new approaches have been
implemented to simulate the quantum Rabi model [10].
Despite renewed experimental interest and a long his-
tory of theoretical study, exact analytical solutions to the
quantum Rabi model have only recently been discovered
[11–13]. The complexity of these analytical solutions im-
plies that approximate descriptions are still of great util-
ity, as they provide a potential means for understanding
the physics of the model more intuitively [14–19]. In par-
ticular, the properties of the eigenstates, especially the
ground state, must be well understood for applications to
quantum information, including metrology and error cor-
rection [20–23], or for extensions to many-body systems
[24, 25], and these properties are more easily understood
using approximate solutions [14, 17, 26–28].
In this paper we propose a simple variational ground
state for the quantum Rabi model, one which approxi-
mates the true ground state with extremely high fidelity
for essentially all parameters. Our variational state has a
very simple form, depending on only three free parame-
ters, and only uses Gaussian cavity states. It exactly re-
covers the true ground state in both the weak and infinite
coupling limits, and has very high fidelity with the exact
ground state even in intermediate coupling regimes. As
our variational state contains only Gaussian cavity states,
its success is quite remarkable, given that the cavity in-
herits a strong effective qubit-induced nonlinearity in the
ultrastrong coupling regime.
The accuracy of our variational state in capturing the
true Rabi model ground state means that it can be used
to both qualitatively and quantitatively understand the
physics of the ultrastrong coupling regime. Here, we use
it to explore a phenomena that has not received much
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Fig. 1. (a) Schematic of the interaction between an electro-
magnetic cavity and a two-level atom, as described by the
Rabi Hamiltonian. (b) Example cavity Wigner function cor-
responding to the Rabi model ground state in a parameter
regime where the cavity is in a relatively pure state; parame-
ters indicated in the caption, with g∗ denoting the cross-over
coupling defined in Eq. (15), and µc denoting the purity of the
reduced cavity state. The variational ground state described
in this paper provides insight into when and how such pure
cat states can be formed.
attention previously: the possibility of having ground
states that correspond to the cavity being in an almost
pure Schro¨dinger cat state (c.f. Fig. 1(b)). Such states
are of interest to applications in quantum information
[20–23]. In this regime, the coupling is sufficient for the
the qubit to mediate a strong cavity nonlinearity, leading
to highly nonclassical Schro¨dinger cat states in the cav-
ity. At the same time however, the coupling strength is
not strong enough to induce significant qubit-cavity en-
tanglement. The result is that the reduced cavity state
is approximately a pure cat state.
The structure of the paper is as follows: in Sec. II
we quickly review the quantum Rabi model and its so-
lutions in known limits, while in Sec. III we present our
variational state for the ground state. In Sec. IV we use
our variational state to understand the formation of pure
Schro¨dinger cat states in the cavity in the ultrastrong
coupling regime, and in Sec. V we discuss extensions of
our variational solution to the first excited state. Finally,
we note that in certain regimes, our variational state is
similar to that used by Hwang and Choi in Ref. [17];
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2there are however crucial differences in general. This is
discussed in more detail in Appendix C, where we com-
pare our variational state to that of Ref. [17].
II. HAMILTONIAN AND KNOWN LIMITING
CASES
The interaction between an electromagnetic cavity and
a two-level system (qubit), shown in Fig. 1(a), is de-
scribed by the Rabi Hamiltonian (~ = 1)
Hˆ = ωcaˆ
†aˆ+ gσˆx
(
aˆ† + aˆ
)
+
ωq
2
σˆz, (1)
where σˆx and σˆz are the Pauli operators for the qubit,
and aˆ (aˆ†) is the lowering (raising) operator for the cavity.
We are interested in the ground state of the Rabi Hamil-
tonian, and in Fig. 2 Wigner functions for the reduced
cavity ground state (found via numerical diagonalization)
are shown for a range of qubit-cavity couplings. We have
chosen to plot the Wigner functions for a large value of
the ratio ωq/ωc as this highlights the interesting regime
with large Schro¨dinger cat states. However, the reduced
cavity state for our variational solution (also shown in
Fig. 2) has excellent agreement with the exact state for
other (smaller or larger) values of ωq/ωc.
As can be seen, the ground state smoothly evolves
from a weak coupling state where the cavity is squeezed
(but minimally entangled with the qubit), to a qubit-
entangled cat state, resulting in a mixture in the cavity.
For interaction strengths in between these limiting cases,
relatively pure cat states can be found in the cavity. To
better understand the ground state’s properties, and gain
intuition into designing a variational state, we now exam-
ine the limiting cases of equation Eq. (1).
A. Large Coupling Limit
In the limit ωq/g → 0 we can ignore the last, qubit-
only term in Eq. (1). In this case σˆx becomes a conserved
quantity, and the qubit-cavity interaction acts as a static
σˆx-dependent linear force on the cavity. This force drives
the cavity into one of two coherent states ±α (depending
on the value of σˆx), conditioned on the state of the qubit
in the σˆx basis. In this case, a polaron transformation
via the unitary
UˆP = |+x〉〈+x| Dˆ(α) + |−x〉〈−x| Dˆ(−α), (2)
diagonalizes the Hamiltonian, where
Dˆ(α) = exp
(
αaˆ† − α∗aˆ) is the usual displacement
operator with α = −g/ωc, and |±x〉 are the eigenstates
of σˆx. The eigenstates are easily found in the polaron
frame; transforming back to the original lab frame, they
have the form of displaced Fock states∣∣ψP±,n〉 = Dˆ(±α) |n〉 |±x〉 , (3)
with the direction of the displacement determined by the
state of the qubit. These states are two-fold degenerate,
and the ground state manifold can also be described as
a pair of fully entangled cat states∣∣ψECS± 〉 = 1√
2
(|α〉 |x〉 ± |−α〉 |−x〉) , (4)
where |α〉 denotes a coherent state of amplitude α.
1. Finite ωq
We now turn to the case where g/ωc  0 but g/ωq
is non-zero. Here, it is useful to make use of the fact
that the Rabi Hamiltonian in Eq. (1) conserves the total
number of qubit and cavity excitations modulo two, i.e.
the parity of total excitation number, described by the
operator −Πˆσˆz, is conserved. Here Πˆ = (−1)nˆ is the
parity operator of the cavity alone. We thus transform
to a frame where this conservation is explicit. This is
done via the unitary transformation
UˆΠ = e
ipi4 (1−Πˆ)σˆy , (5)
which rotates the qubit state if the cavity parity is odd.
This results in the parity frame Hamiltonian
Hˆ± = UˆΠHˆUˆ
†
Π = ωcaˆ
†aˆ− gσˆz(aˆ† + aˆ) + 1
2
ωqΠˆσˆz. (6)
In this new frame, σˆz is conserved, and corresponds to
the conserved excitation parity of the original Hamilto-
nian. Parity transformations have been used extensively
in the literature to understand the eigenstates of the Rabi
Hamiltonian [15, 17, 30, 31]. Here, we use the parity
frame to to obtain intuition that helps motivate our vari-
ational state.
Hˆ± is diagonal in the σˆz basis, and therefore we can
write Hˆ± as a direct sum of the Hamiltonians Hˆ+ and
Hˆ− which act on subspaces defined by 〈σˆz〉 = ±1 respec-
tively; we refer to these as parity subspaces. For nonzero
ωq, the ground state will be in the parity subspace with
〈σˆz〉 = −1 (i.e. the subpsace where the total excitation
number has even parity). We thus will focus on this sub-
space, with Hamiltonian
Hˆ− = ωcaˆ†aˆ+ g(aˆ† + aˆ)− 1
2
ωqΠˆ. (7)
We consider the evolution of the ground state as g is
varied from g  ωq to g ∼ ωq.
Hˆ− describes a cavity with a nonlinear interaction. For
ωq = 0, the nonlinearity vanishes, and the remaining
terms in Hˆ− describe a displaced oscillator. Thus, for
ωq = 0, the eigenstates of Hˆ− are displaced Fock states,
and the ground state is a simple coherent state |α〉. To
return to the lab frame, we apply the unitary Uˆ†Π to the
parity frame state. In practice, we simply decompose the
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Fig. 2. Evolution of the cavity Wigner function in the ground state of the Rabi Hamiltonian of Eq. (1), as a function of the
coupling g (measured from the approximate crossover scale g∗ ≡ √ωcωq/2). The ratio ωq/ωc of qubit and cavity frequencies
was fixed at a large value 176.0 to highlight the interesting regime (at ultrastrong couplings) where almost pure Schro¨dinger
cat states are formed in the cavity. The top row shows the numerical ground state and the purity (µc defined in Eq. (26)) of its
reduced cavity state. The bottom row shows the optimized variational non-orthogonal qubit (NOQ) state and its fidelity (F
defined in Eq. (20)) with the numerical state. The cavity Wigner function is defined by W (α) = 2Tr[ρˆcavDˆ(α) exp
(
ipiaˆ†aˆ
)
Dˆ†(α)]
[29], where ρˆcav is the reduced density matrix of the cavity in the ground state.
parity-frame state into its even and odd photon num-
ber components |ψe〉 and |ψo〉. For a state with total
even parity, the state in the lab frame is then simply
|ψe〉 |−z〉 + |ψo〉 |+z〉, where |±z〉 are the eigenstates of
σˆz. For the state α,
∣∣ψe/o〉 are proportional to cat states,∣∣ψe/o〉 ∝ (|α〉 ± |−α〉). The ωq = 0 ground state of Hˆ−
thus corresponds to the fully entangled Schro¨dinger cat
state
∣∣ψECS− 〉 defined in Eq. (4).
For ωq 6= 0 the last term in Hˆ− introduces an ener-
getic preference for states with even photon-number par-
ity. Thus, as ωq increases, we expect that the even-parity
parts of the state |α〉 are weighted more strongly than the
odd-parity part of this state. As such, we expect that the
ground state in the parity frame can be described by a
trial variational state of the form
∣∣ψΠ−[α]〉 = λE |Φ+[α]〉+ λO |Φ−[α]〉 , (8)
with λE ≥ λO, where
|Φ±[α]〉 = (|α〉 ± |−α〉) , (9)
are unnormalized even and odd cat states, and α is a
variational parameter.
To see what this state looks like in the original lab
frame, we follow the procedure described above and apply
Uˆ†Π to the parity-frame state in Eq. (8). We obtain then
the lab-frame state
|ψ−〉 = Uˆ†Π |ψ−〉Π = λE |Φ+〉 |−z〉+ λO |Φ−〉 |+z〉 (10)
= |α〉
[
λE |−z〉+ λO |+z〉
]
+ |−α〉
[
λE |−z〉 − λO |+z〉
]
.
Looking at the first line of Eq. (10), we see that if
λE  λO, the reduced cavity state is a pure cat state.
Thus, the energetic preference for a definite photon-
number parity in the parity frame when ωq > 0 trans-
lates to a preference for pure cat states in the lab frame.
This behaviour is seen in Fig. 2.
In the lab frame, the preference for a definite photon
number parity in Eq. (7) has a direct implication for the
qubit components of the ground state. There are two
qubit “pointer states” in the second line of Eq. (10), one
for each term. Having a definite photon number parity
results in λE 6= λO, and hence these qubit states are in
general nonorthogonal. This nonorthogonality of course
reduces the amount of qubit-cavity entanglement, and in
the extreme limit can allow the cavity state to have a high
purity. The second line of Eq. (10) thus provides an im-
portant ingredient for building a variational ansatz: one
should use qubit pointer states that can be nonorthogonal
from one another.
To build a variational ground state that is effective for
all parameter regimes, we will need to combine the above
intuition with an aspect of the physics that is clearest by
considering the weak coupling regime; we do this next.
4B. Weak Coupling Limit
In the weak coupling limit g/ωq → 0, we recover the
non-interacting case where the Hamiltonian is trivially
diagonalized by product states |n〉 |±z〉, with the ground
state given by |0〉 |−z〉. For small but finite coupling, the
interaction with the qubit generates a weak squeezing
term for the cavity, leading to squeezing correlations in
the ground state. As this will also be an important in-
gredient in our variational ansatz, we discuss the origin
of this squeezing in more detail.
Focusing on g  ωq, we can treat the interaction per-
turbatively. We make a standard Schrieffer-Wolff trans-
formation of the Rabi Hamiltonian in Eq. (1) to eliminate
the interaction to leading order. This corresponds to a
unitary transformation eAˆ with generator
Aˆ =
gωc
ω2q − ω2c
[
σˆx
(
aˆ− aˆ†)+ iωq
ωc
σˆy
(
aˆ+ aˆ†
)]
. (11)
Keeping terms up to second order, this results in the
effective Hamiltonian
eAˆHˆeˆ−Aˆ ≈ ωcaˆ†aˆ+ g
2ωqσˆz
ω2q − ω2c
(aˆ+ aˆ†)2 +
ωqσˆz
2
. (12)
This is equivalent to deriving an effective Hamiltonian
up to second order in perturbation theory.
Physically, the photon-number non-conserving terms
in Eq. (12) (which generate squeezing) arise from a
second-order process involving both kinds of interaction
terms present in Eq. (1), σˆxaˆ
† and σˆxaˆ. Together, these
terms can create or destroy pairs of photons, via a virtual
state with a single photon and a flipped qubit state. As
the qubit state remains unchanged by the net effect of
this second order process, it is not energetically forbid-
den, even for g  ωq.
The ground state of Eq. (12) is Sˆ(−r) |0〉 |−z〉, where
Sˆ(r) = exp
(
raˆ†2 − r∗aˆ2) is the usual squeezing operator,
and the squeeze parameter r is real and given by
e−2r =
√
1− 4g
2ωq
ωc(ω2q − ω2c )
. (13)
The approximate Hamiltonian in Eq. (12) hits a para-
metric instability (i.e. e2r diverges) when g is increased
to g∗, with
g∗ ≡ 1
2
√√√√ωcωq [1− (ωc
ωq
)2]
. (14)
The instability of Eq. (12) at large g indicates a break-
down of our perturbative derivation of this Hamiltonian.
For g ≥ g∗, higher order terms will restore stability to
the effective Hamiltonian, as the Rabi Hamiltonian is
stable for all parameter regimes. Nevertheless, g∗ de-
fines the onset of an effective cavity nonlinearity, and as
a result is the boundary of the interesting regime where
Schro¨dinger cat states are formed. In this case, we will
often be interested in the large ωq limit, and we will typ-
ically approximate g∗ by
g∗
ωqωc−−−−→
√
ωcωq
2
. (15)
Note this coupling scale has previously been identified as
being associated with a qualitative change in the form of
the ground state (viewed as a function of g) [16, 17].
Returning to the lab frame, the ground state of the ap-
proximate Hamiltonian in Eq. (12) is e−AˆSˆ(−r) |0〉 |−z〉.
For the regime of interest ωq  ωq, eAˆ induces a small
amount of qubit-cavity entanglement, proportional to the
small parameter g/ωq, but does not affect the magnitude
of the squeezing. This squeezing is the most relevant fea-
ture of the weak-coupling ground state, and we will seek
to capture it in our variational ansatz.
III. THE GROUND STATE
From our study in the previous section of various lim-
iting cases, we make three key observations about the
Rabi-model ground state: (i) the cavity state should
be squeezed for weak but finite coupling, (ii) there is
a preference for even-parity reduced cavity states at in-
termediate couplings, and (iii) the large coupling ground
state is fully entangled. In this section, using this in-
tuition, we introduce a variational state for the ground
state of Eq. (1) that is a superposition of squeezed co-
herent states entangled with non-orthogonal qubit-states.
Furthermore, we give the Schmidt decomposition of this
variational state, and show how our variational state’s
free parameters can be used to understand the evolution
of the Rabi ground state.
A. The variational solution for the ground state
Our proposed variational state is a simple superposi-
tion of two terms, with each being a product of a dis-
placed, squeezed cavity state and a qubit pointer state.
Crucially, the two qubit pointer states will in general not
be orthogonal, due to the preference for even parity at
intermediate couplings. We choose the same squeezing
parameter for both terms, and pick the displacements
to have equal magnitude but opposite sign, such that
our variational state is a function of only three free pa-
rameters: the displacement αc, the squeezing parame-
ter r, and the angle φ that defines the overlap of the
qubit states. This leads to a simple form for our vari-
ational state, which we refer to as the non-orthogonal
qubit (NOQ) state:∣∣∣ψNOQ0 [αc, r, φ]〉 = |αc, r〉 |+[φ]〉 − |−αc, r〉 |−[φ]〉√
2N
(16)
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Fig. 3. a) Fidelity error (defined in Eq. (20)) for the fidelity-optimized non-orthogonal qubit (NOQ) ground state of Eq. (16),
as a function of coupling strength (defined relative to g∗ of Eq. (15)) and qubit frequency. b) Line-cuts of the fidelity error of
the optimal NOQ ground state of Eq. (16) introduced in this paper, and the entangled cat state (ECS) of Eq. (22).
where
|αc, r〉 = Dˆ(αc)Sˆ(−r) |0〉 , (17)
|±[φ]〉 = cos
(
φ
2
)
|+z〉 ∓ sin
(
φ
2
)
|−z〉 , (18)
and the normalization constant
N = 1− exp (−2α2ce−2r) cosφ. (19)
The qubit pointer states |±[φ]〉 satisfy
〈±[φ]|∓[φ]〉 = cosφ; they are formed by symmetri-
cally rotating the state |+z〉 about the y-axis by the
angle ±φ. This form is consistent with the parity-frame
variational state of Eq. (10), where the parity frame
transformation UˆΠ is responsible for the symmetric
rotation about the y-axis.
Our NOQ state is consistent with the known form of
the Rabi model ground state in both the weak and strong
coupling limits.
For weak coupling, the parameters
{αc = 0, r = 0, φ = pi} give exactly the fully
disentangled ground state reached for g = 0, and for
small but finite coupling, g  ωq, the NOQ state
correctly captures that the ground state is approxi-
mately the ground state of Eq. (12), i.e. Sˆ(−r) |0〉 |−z〉.
In the large coupling limit, g  ωq, the parameters
{αc > 0, r = 0, φ = pi/2} give exactly the fully
entangled cat state of Eq. (4), found for g →∞.
The accuracy of the NOQ state in both the strong and
weak coupling limits is not surprising, as we explicitly
designed the state to be able to do this. More surpris-
ingly, the NOQ state also captures the true ground state
with high-fidelity for intermediate values of the coupling,
where the standard approximations used for either large
or small g fail. As we are interested in faithfully recon-
structing the ground state with the NOQ state, we find
the optimal parameters, {αc, r, φ}, by numerically max-
imizing the fidelity of the NOQ state with the ground
state of Eq. (1) found by numerical diagonalization, us-
ing the QuTiP toolbox [32] (see Appendix A for further
details). The fidelity between the NOQ state and the nu-
merical ground state of the Rabi Hamiltonian is defined
in the usual way
F [αc, r, φ] =
∣∣∣〈ψNOQ0 [αc, r, φ]∣∣∣ψexact0 〉∣∣∣ (20)
which corresponds to the overlap between the two states.
By maximizing the fidelity, our results show just how
close the optimally chosen NOQ state is to the exact
ground state, even at intermediate values of the coupling.
The results of fidelity optimization are shown in Fig. 3.
Fig. 3(a) shows a generally high fidelity in the entirety of
parameter space examined, with a region of lower fidelity
near g = g∗. This region of lower fidelity corresponds
to the onset of instability in the effective weak-coupling
Hamiltonian of Eq. (12), and represents a rough cross-
over regime between the weak and strong coupling limits.
We stress that even in this “low” fidelity region the
NOQ state is still remarkably accurate, and overall,
we find a fidelity greater than 99% for all parameters.
Fig. 3(b) shows line-cuts of fidelity versus coupling for
selected qubit frequencies.
We also compare the energy of our fidelity-optimized
NOQ state to that of the true ground state energy by
calculating the energy error
∆E =
〈
ψNOQ
∣∣ Hˆ ∣∣ψNOQ〉− 〈ψexact∣∣ Hˆ ∣∣ψexact〉 . (21)
This error in the ground state energy is shown in
Fig. 4(a). It follows the same trend as the fidelity, with
the largest errors occurring when g ' g∗. This error
should be compared to Fig. 4(b), which shows the exact
energy shift of the ground state energy away from −ωq/2,
its value at g = 0. Far from g = g∗, the energy error is
several orders of magnitude smaller than the exact energy
shift. However, in the region around g∗, at its largest the
energy error is less than an order of magnitude smaller
6−1.5 −1.0 −0.5 0.0 0.5 1.0 1.5
(g − g∗)/ωc
10−4
10−3
10−2
10−1
100
101
E
ne
rg
y
er
ro
r
(∆
E
/
ω
c
)
a)
ECS ground state NOQ ground state
ωq/ωc = 1.0 ωq/ωc = 10.0 ωq/ωc = 30.0
−1.5 −1.0 −0.5 0.0 0.5 1.0 1.5
(g − g∗)/ωc
−7
−6
−5
−4
−3
−2
−1
0
E
ne
rg
y
sh
if
t
(E
/
ω
c
+
ω
q
/
2
ω
c
)
b) ωq/ωc = 1.0 ωq/ωc = 10.0 ωq/ωc = 30.0
Fig. 4. a) Energy error (see Eq. (21)) for the fidelity-optimized non-orthogonal qubit (NOQ) ground state of Eq. (16), and for
the fidelity-optimized entangled-cat state (ECS) of Eq. (22), as functions of coupling strength, for sample qubit frequencies. b)
The exact energy shift of the ground state energy away from −ωq/2, as a function of the coupling strength.
than the exact energy shift. This behaviour partially re-
flects the fact that we have optimized the NOQ state
parameters to minimize infidelity with the true ground
state, and not average energy. Minimizing energy (as in
a standard variational calculation) would necessarily re-
sult in an even lower magnitude of error in the energy
estimate.
Indeed, maximizing fidelity with the true ground state
to find the optimal parameters of the NOQ state is not
practical for future applications of the NOQ state, as it
requires the numerically challenging task of diagonaliz-
ing the Rabi Hamiltonian. However, we do this here to
emphasize clearly how faithfully the NOQ state is able
to capture the true ground state. We describe using the
NOQ state in a more standard variational setting (where
one minimizes the average energy of the state without
any knowledge of the true ground state) in Appendix B.
It is also worth considering other approximate vari-
ational solutions for the ground state, and as such we
compare the NOQ state to a fully entangled Schro¨dinger
cat state (ECS)
∣∣ψECS− [α]〉 = 1√
2
(|α〉 |+x〉 − |−α〉 |−x〉) , (22)
which is the solution in the limit g → ∞, and has
been previously used to describe the ground state of
the Rabi Hamiltonian [14, 25]. Such a state has one
free parameter, the displacement of the cavity coherent
states. Line-cuts of the fidelity error and energy error are
shown in Fig. 3(b) and Fig. 4(a) for the fidelity-optimized
ECS (i.e. its overlap with the numerical ground state is
maximized). As the plots show, the fidelity-optimized
NOQ state is always a better approximation to the exact
ground state than the ECS, both in terms of fidelity and
the ground state energy error.
B. Schmidt decomposition of the variational state
An alternative description of our NOQ state is ob-
tained if we write it in Schmidt form, which is a super-
position with components built from orthonormal cav-
ity and qubit states. The qubit states are simply the
eigenstates of σˆz, while the cavity states are squeezed
cat states, and the interesting behavior is now contained
in the Schmidt coefficients describing the weighting of
the superposition. In Schmidt form, the NOQ state of
Eq. (16) is∣∣∣ψNOQ0 [αc, r, φ]〉 = √p− ∣∣ΦS+[αc, r]〉 |−z〉
+
√
1− p−
∣∣ΦS−[αc, r]〉 |+z〉 , (23)
where∣∣ΦS±[αc, r]〉 = 1√
2N±
(|αc, r〉 ± |−αc, r〉) , (24)
are squeezed cat states with opposite parity, with nor-
malizations N± = 1 ± exp
(−2α2ce−2r). The Schmidt
coefficients are defined by the parameter p−, the proba-
bility of the qubit being in the state |−z〉:
p− =
1
2
− exp
(−2α2ce−2r)− cosφ
2N2
, (25)
and satisfies p− ≥ 0.5 since cosφ ≤ 0.
The Schmidt decomposition of the NOQ state explic-
itly shows that this state always has an even total parity.
Equation (23) is in fact the variational state of Eq. (10)
introduced as a guess for the ground state in the large
coupling limit, with additional squeezing added to im-
prove the fidelity with the exact state for weak coupling.
The advantage of writing the NOQ state in Schmidt
form is that the evolution of the ground state is very
clearly described by the three parameters {p−, αc, r}.
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Fig. 5. Optimal parameters for the non-orthogonal qubit (NOQ) variational state of Eq. (16) found by fidelity maximization, as
functions of the coupling strength g, for various values of the qubit frequency ωq. a) shows p−, the probability of the qubit being
in its non-interacting ground state |−z〉 (c.f. Eq. (25)), b) shows the displacement αc, and c) shows the squeezing parameter
r of the cavity states. Large values of ωq are chosen so that the reduced cavity state is approximately a large Schro¨dinger cat
state near the transition regime for g ' g∗ where g∗ ' √ωcωq/2. The noise in c) for small values of g is a result of numerical
error.
In Fig. 5 we plot as functions of g the values of these
parameters for the NOQ state which gives maximum fi-
delity with the true ground state. Examining the limit-
ing cases, we see that for weak coupling, where the cav-
ity ground state is approximately squeezed vacuum, we
find {p− ' 1, αc ' 0, r > 0}. As the coupling g is
increased further, the displacement αc increases, with a
more rapid increase beginning around g = g∗. This is
explained by the onset of instability in the second or-
der perturbative Hamiltonian of Eq. (12) (which implies
that the qubit-cavity interaction can no longer be treated
perturbatively). As g becomes extremely large, we have
{p− → 1/2, αc → g/ωc, r = 0} as g → ∞, which tends
to the expected strong coupling ground state (the entan-
gled cat state of Eq. (22)). It is interesting to note that
the squeezing correlations in the ground state (described
by r) are strongest near the crossover value of the cou-
pling g = g∗; while they are never large, keeping these
correlations is crucial in order to obtain a high fidelity
with the exact ground state.
The Schmidt form of our NOQ state and Fig. 5 also
provide a hint as to why the ground state corresponds to
a near-pure cavity cat state when ωq  ωc and g ∼ g∗. In
this cross-over regime, the coherent displacement αc can
already have a large magnitude, while the probability p−
of having the qubit in its (non-interacting) ground state
|−z〉 remains close to one. As the ground state must
have an even total excitation parity (c.f. discussion in
Sec. II), it follows that the cavity is close to being in a
pure (squeezed) cat state (as described by the first term
in Eq. (23)).
IV. SCHRO¨DINGER CAT STATE FORMATION
IN THE QUANTUM RABI MODEL
Fig. 2 and Fig. 5 demonstrate a surprising effect:
there exist parameter regimes where the Rabi-model
ground state corresponds to the cavity being in a rel-
atively pure, large-displacement (and slightly squeezed)
8cat state. This occurs when ωq  ωc, and when g is near
the cross-over scale g∗.
The qualitative change in the ground state wavefunc-
tion near g ∼ g∗ can be associated with the onset of in-
stability of the weak-coupling effective squeezing Hamil-
tonian of Eq. (12) (see Sec. II). For g ' g∗, higher-order
qubit-induced cavity nonlinearities are required to main-
tain stability; such nonlinearities would naturally lead to
non-trivial cavity states. Fig. 2 and Fig. 5 demonstrate
that while this effective nonlinearity arises from interac-
tion with the qubit, it does not require strong qubit-
cavity entanglement. Only a small amount of qubit-
cavity entanglement/hybridization is required to gener-
ate a relatively large effective nonlinearity in the cavity.
The result is non-trivial cavity states that remain rela-
tively pure.
A complementary understanding of these pure cavity
cat states can be obtained by using the Schmidt form of
our NOQ state (c.f. Eq. (23). In the regime g ' g∗, which
corresponds to ultrastrong coupling, the weights of the
states
∣∣ΦS±〉 in Eq. (23) are imbalanced (i.e. p− > 1−p−),
and the cavity state is thus approximately the even parity
cat state
∣∣ΦS+〉, with αc > 0. This imbalance is due to
the large value of ωq, which gives an energetic preference
for the qubit to be in the |−z〉 state. As the displacement
αc grows with increasing g, large-displacement cat states
are possible for larger ωq, as this pushes the beginning of
the transition regime defined by g∗ ≈ √ωcωq/2 to larger
values of g.
To measure how close the reduced cavity state is to
a pure cat state, we calculate the purity of the reduced
cavity state of the NOQ state, given by
µc = (1− p−)2 + p2−. (26)
As the impurity of the cavity is solely due to qubit-
cavity entanglement, the cavity purity is also a measure
of qubit-cavity entanglement. Fig. 6 shows the purity for
a given displacement αc. One sees clearly that for large
ωq/ωc, large-magnitude displacements can be achieved
before the purity drops appreciably from unity.
Treating the NOQ state as a standard variational
ansatz, and determining its optimal parameters by mini-
mizing the ground state energy (see Appendix B for more
details), it is possible to determine approximate analyti-
cal expressions for the purity and αc after the transition
point g = g∗. By minimizing the expectation value of
the Rabi Hamiltonian with the NOQ state of Eq. (23),
we find the approximate solutions
µc ' 1
2
(
1 +
(√
ωcωq
2g
)4)
, (27)
αc ' g
ωc
√
1−
(√
ωcωq
2g
)4
, (28)
and from these we can write the purity as a function of
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Fig. 6. a) For three sample values of ωq, we increase the
coupling strength g, and for each value of g find the fidelity-
optimized non-orthogonal qubit (NOQ) state of Eq. (16). For
the NOQ state at each value of g, this plot shows the purity
of the reduced cavity state, µc of Eq. (26), and the size of
the cavity cat state displacement, |αc| of Eq. (24). For large
values of ωq, the reduced cavity state can have both high
purity and large displacement. The numerical results (colored
lines) are compared to the analytical expressions of Eq. (27)
and Eq. (28) (black lines).
the displacement
µc '
1 + 1√
1 +
(
ωq/ωc
2α2c
)2

−1
. (29)
This equation shows that in general, increasing αc de-
creases the purity, but for fixed αc, increasing ωq will
increase the purity. Therefore, large displacements and
high purity are possible provided ωq is large enough. Us-
ing this expression, we can say that, as an example, for
90% purity one needs αc ' 0.24
√
ωq/ωc. If we take
ωq/ωc = 176, this implies that the “size” of our cat is ap-
proximately |αc| ' 3.14. In contrast, if we reduce ωq so
that ωq/ωc = 10, the size of the cat drops to |αc| < 0.75.
This quantitively shows that high purity is compatible
with large “cat sizes” |αc|, provided that ωq/ωc is large
enough. An example Wigner function of such a high-
purity, relatively large cat state is given in Fig. 1(b).
This cat state is also slightly squeezed, with a squeeze
parameter r ' 0.345.
V. VARIATIONAL SOLUTION FOR THE FIRST
EXCITED STATE
It is also possible to extend our NOQ variational
ground state ansatz to accurately describe the first ex-
cited state of the Rabi Hamiltonian (c.f. Eq. (1)). To
that end, we first consider the known limits of the first
9excited state. For a large ωq, the qubit is effectively
frozen in the |−z〉 state for low energy eigenstates, as
the energy cost for the qubit to be excited is too great.
Thus, in the weak coupling regime, g  g∗, the first ex-
cited state of the Rabi Hamiltonian is approximately de-
scribed by the state Sˆ(r) |1〉 |−z〉, where the cavity state
is a squeezed one photon Fock state, with squeeze param-
eter r of Eq. (13), as was discussed for the ground state
in section II.
In the large coupling regime g  g∗, as described in
section II, the large coupling strength results in an effec-
tive qubit-state dependent cavity displacement, and the
two lowest energy eigenstates are described by the de-
generate qubit-cavity entangled cat states [14], shown in
Eq. (4). The first excited state is∣∣ψECS+ [α]〉 = 1√
2
(|α〉 |+x〉+ |−α〉 |−x〉) , (30)
which just like the ground state solution is a fully-
entangled cat state (but now with odd parity).
As was done for the variational ground state, we intro-
duce a variational first excited state that captures both
limits by incorporating both squeezing and displacement
as variational parameters. Our variational first excited
state takes the form∣∣∣ψNOQ1 [αc, r, φ]〉 = |αc, r〉 |+[φ]〉+ |−αc, r〉 |−[φ]〉√2N1 , (31)
with |αc, r〉 the displaced squeezed states of Eq. (17), and
|±[φ]〉 the nonorthogonal qubit states of Eq. (18), with
normalization now given by
N1 = 1 + exp
(−2α2ce−2r) cosφ. (32)
The NOQ first excited state has a similar form to the
NOQ ground state of Eq. (16), with the only difference
being the relative phase between the superposition com-
ponents. However, fidelity optimization will not not nec-
essarily obtain the same values of the free parameters
{αc, r, φ} for the ground state as the first excited state,
and as such the NOQ ground state and NOQ first ex-
cited state are not orthogonal by design (as would be the
case in a standard variational approach). They can be
made orthogonal by introducing this as a constraint to
the optimization algorithm, and while this was not done
in the present work, it can easily be implemented for fu-
ture work that involves both variational eigenstates.
As is shown in Fig. 7, the fidelity-optimized NOQ first
excited state has high fidelity with the exact numeri-
cal eigenstate, and is a better approximation than the
fidelity-optimized ECS solution in all parameter regimes,
even for large coupling. Unfortunately, variational states
similar to those we have proposed for the ground and first
excited state do not work for higher eigenstates. In the
large coupling regime they are no better than the ECS
solutions, while in the weak coupling regime they perform
very poorly. Nevertheless, for many applications only the
ground and first excited state are needed [24, 25], and the
NOQ states offer an accurate and simple description that
can be applied in these situations.
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Fig. 7. Line-cuts of the fidelity error for the fidelity-optimized
non-orthogonal qubit (NOQ) first excited state of Eq. (31),
and the fidelity-optimized entangled cat state (ECS) solution
of Eq. (30). The NOQ first excited state is a better approxi-
mation than the ECS solution for all values of g and ωq con-
sidered.
VI. CONCLUSION
We have introduced a new variational ground state for
the quantum Rabi model that has high fidelity with the
exact ground state. Our variational solution is motivated
by the properties of the exact ground state in analytically
tractable parameter regimes, and is conceptually simple,
with only three free parameters. Further, it only makes
use of Gaussian cavity states. As the variational state is
conceptually simple, it enables a better understanding of
the nature and evolution of the exact ground state as a
function of system parameters.
We have used our variational state to describe the
evolution of the ground state with increasing qubit-
cavity coupling as a transition from a “dark” state with
zero average photon number, to a “bright” state with
a large average photon number. For intermediate cou-
pling strengths, corresponding to ultra-strong coupling,
the ground state yields a reduced cavity state that is
approximately a pure Schro¨dinger cat state. Our varia-
tional ground state gives a clear intuitive picture for why
such states can exist, highlighting that the qubit-induced
effective cavity nonlinearity is much stronger than the
qubit-cavity entanglement at ultrastrong coupling. In
addition, our variational state quantifies the parameter
regimes required for cat states, and we find that for a
large qubit frequency compared to the cavity frequency,
high-purity cat states with large amplitude can be found
in the cavity.
In future work, it would be interesting to attempt to
use our NOQ variational ground state as a starting point
for treating more complicated models, such as Rabi-
lattice models (i.e. a lattice where each site is a Rabi
model, and there is tunneling between cavities), or multi-
mode ultra-strong coupling systems, such as have been
recently demonstrated experimentally [33].
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Appendix A: Numerical Fidelity Maximization
The numerical maximization of the fidelity defined in
Eq. (20) was done using the differential evolution (DE)
algorithm. DE is a stochastic population based method
that iteratively improves candidate solutions to globally
optimize a given problem [34]. The advantages of DE
over gradient methods, such as gradient descent, are
threefold: (i) it is less sensitive to local extrema of the
multivariate function, (ii) it converges faster to the global
minimum, and (iii) it doesn’t require an initial guess.
Additionally DE can be used for functions that are not
continuous, unlike gradient descent.
For any numerical treatment, the cavity Hilbert space
must be truncated at some finite value. The truncation
of the cavity Hilbert space, i.e. the largest Fock state
considered in our simulations, is determined from the en-
tangled cat state solution of Eq. (22), which is the ground
state when ωq = 0, as this state requires the largest cav-
ity Hilbert space to describe. To see that this is the case,
we note that the largest displacement in the cavity is for
g/ωq → ∞, i.e. the ECS state, and that the squeez-
ing in the cavity at weak coupling is expected to remain
small, and crucially is only present when there is not any
appreciable displacement.
For ωq = 0 the reduced cavity state is a mixture of co-
herent states, which makes analytic calculations simple.
The matrix element for the component |n〉 〈n| is given by
p(n) =
e−|α|
2 |α|2n
n!
, (A1)
and the average photon number is
|α|2 = 〈aˆ†aˆ〉 = ( g
ωc
)2
. (A2)
For large |α|2, we choose the dimension of the cavity
Hilbert space to be the closest integer to 5|α|2, which
keeps all Fock states with significant matrix elements.
For small |α|2, we set a lower bound to the cavity Hilbert
space dimension of 50, which captures the comparatively
more persistent tail of the distribution of Eq. (A1) for
small |α|2. These choices are sufficient to accurately de-
scribe the numerical ground state, and we have confirmed
this fact by varying the Hilbert space dimension in our
simulations to test for convergence.
Appendix B: ground state Energy Minimization
In order to perform a true variational approach, and
minimize the expectation value of the Rabi Hamiltonian
with the NOQ state, it is easier to work in the parity
frame defined in section II. The NOQ state of Eq. (23)
in the parity frame reads∣∣∣ψΠ NOQ0 [αc, r, φ]〉
=
(√
p−
∣∣ΦS+[αc, r]〉−√1− p− ∣∣ΦS−[αc, r]〉) |−z〉 (B1)
where
∣∣ΦS±[αc, r]〉 are defined in Eq. (24). Its expectation
value with the parity frame Hamiltonian of Eq. (6) is〈
HˆΠˆ
〉
= ωc
〈
aˆ†aˆ
〉
+ g
〈
aˆ+ aˆ†
〉− ωq (p− − 1
2
)
, (B2)
where, the average photon number is〈
aˆ†aˆ
〉
= sinh2 r (B3)
+ α2ce
−2r cosh 2r
(N−
N+ p− + (1− p−)
N+
N− + tanh 2r
)
,
and the net displacement is
〈
aˆ+ aˆ†
〉
= −4αc
√
p−(1− p−)
N+N− . (B4)
As in a standard variational calculation, minimization of
Eq. (B2) is done numerically with respect to αc, r, and
p−, and this was also done by differential evolution.
Eq. (27) and Eq. (28) were derived by this energy min-
imization approach in the limit g > g∗, where approxi-
mate analytical solutions are possible. For g > g∗, where
the cavity displacement αc is large and the squeezing
r ∼ 0 becomes negligible, we have exp(−2α2ce−2r) ' 0,
such that〈
HˆΠˆ
〉
' ωcα2c − 4gαc
√
p−(1− p−)− ωqp− + cst. (B5)
Minimizing Eq. (B5) with respect to αc yields
αc ' 2g
ωc
√
p−(1− p−), (B6)
while minimizing with respect to p− results in
p− ' 1
2
1− 2α2cωc
ωq
+
√
1 +
(
2α2cωc
ωq
)2
' 1
2
(
1 +
ωcωq
4g2
)
, (B7)
where we have also used Eq. (B6). Together, these equa-
tions allow us to derive the expression in Eq. (28) for the
cavity displacement
αc ' g
ωc
√
1−
(
ωcωq
4g2
)2
, (B8)
and the expression in Eq. (27) for the purity
µc = p
2
− + (1− p−)2 '
1
2
(
1 +
(
ωcωq
4g2
)2)
. (B9)
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Fig. 8. a) Fidelity error (see Eq. (20)) and b) energy error (see Eq. (21)) for the non-orthogonal qubit (NOQ) ground state
of Eq. (16) as a function of coupling strength (defined relative to g∗ of Eq. (15)). The optimal parameters for the NOQ state
were now found by minimization of its expectation value with the Rabi Hamiltonian (see Eq. (B2)).
Appendix C: Relation to other variational solutions
In Ref. [17], Hwang and Choi introduce a variational
ground state that they refer to as the double squeezed
state (DSS), which in the lab frame takes the form∣∣ψDSS0 [α1, α2, r1, r2, t]〉 = (C1)
1− t
2ND
Sˆ(r1) [(|α1〉+ |−α1〉) |−z〉+ (|α1〉 − |−α1〉) |+z〉]
+
t
2ND
Sˆ(r2) [(|α2〉+ |−α2〉) |−z〉+ (|α2〉 − |−α2〉) |+z〉] ,
where ND is a normalization factor that depends on all
free parameters. In general, this state has five free pa-
rameters, {α1, α2, r1, r2, t}, but for α2 = −α1 and
r1 = r2, it reduces to∣∣ψDSS0 [α1, −α1, r1, r1, t]〉 = (C2)
Sˆ(r1)
(|α1〉+ |−α1〉) |−z〉+ (1− 2t) (|α1〉 − |−α1〉) |+z〉
2ND
.
For this specific case, the DSS is the same as
the NOQ state, as can be seen when one com-
pares Eq. (C2) to Eq. (23). With the identification√
1− p− = (1 − 2t)/2ND it is clear that the t param-
eter in the DSS plays a similar role to the p− (or φ)
parameter in the NOQ state. In light of this fact, one
can consider our NOQ state to be a special case of the
double squeezed state proposed in Ref. [17], as it is al-
ways possible to obtain the NOQ state by restricting the
parameters of the DSS.
However, the optimal parameters for the DSS found
in Ref. [17] do not in general satisfy α2 = −α1 and
r1 = r2, and this relationship between the displacements
and squeeze parameters is true only for ωq/ωc  1. Thus,
only for ωq/ωc  1 will the optimal NOQ state coincide
with the optimal DSS. Interestingly, the we find that the
optimal NOQ state is as good as the optimal DSS at cap-
turing the nature of the true ground state in all param-
eter regimes examined, but based on physical intuition,
the NOQ state requires two fewer free parameters.
The motivation behind having two distinct coherent
state amplitudes in the DSS, α1 and α2, comes from
a semiclassical treatment of the Rabi Hamiltonian, for
which the effective potential has two distinct minimum
for g ' g∗, corresponding to the two coherent state solu-
tions α1 and α2 [17]. However, as the effective potential
has corrugations on the single photon level (due to the
large coupling strength g), a rigorous derivation of any
semiclassical model is not obviously apparent, and intu-
ition gained from such an approach may not be valid.
The intuition for the single coherent state amplitude
found in our NOQ state comes directly from a fully quan-
tum treatment of the Rabi Hamiltonian in the large cou-
pling limit, as discussed in section II. Similarly, the ne-
cessity of a single, qubit-independent squeeze parameter
can be derived from a perturbative treatment of the Rabi
Hamiltonian at weak coupling, also discussed in section
II. These approaches are justified even when quantum ef-
fects in the interaction cannot be ignored, and the intu-
ition gained from them can be used to create a variational
state without concern for its validity. Indeed, the success
of our NOQ state, despite its simple form, is testament
to this fact.
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